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I. Introduction 
The main purpose of this article is to study the following basic problem. 
Problem. Up to what extent do the various curvatures of a Kaehler manifold determine the 
~~eometry of the Kaehler manifold? I 
Classically, people have been studying curvature invariants on Kaehler manifolds as thz 
holomorphic sectional curvature, Ricci curvature and the scalar curvature. In 171 S. Goldberg 
and S. Kobayashi introduce the notion of holomorphic bisectional curvature. 
In 121, the first author introduces new types of curvature invariants; defining two strings of 
Kiemannian curvature invariants. denoted by 6 (n ,, . . . , nk) and $(nl, . . . no), respectively. 
In 13 I he extends these definitions to Kaehler manifolds, thus introducing two strings of Kaehle- 
rian curvature invariants, namely S”(n,, . . . nk) and $“(n 1, . . . , nk) for each k-tuple of integers 
(III. . nk) satisfyingnj 3 1,121 < n andnl+...+nk < n. wheren is thecomplexdimension 
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of M. For these two strings of Kaehlerian invariants one always has trivially 
6”(?zi,. . . ) nk) > &n,, . . . ) Q). (1.1) 
One purpose of this article is to classify Kaehler manifolds which satisfy the equality case 
of (1. l), i.e., satisfy the condition: S(n 1, . . . , nk) = $ (n 1, . . . , nk). We prove in Section 4 that 
they are either complex space forms or Kaehler manifolds with vanishing Bochner tensor. 
The Bochner tensor was originally introduced in 1948 by S. Bochner as a Kaehler analogue 
of the Weyl conformal curvature tensor. Kaehler manifolds with vanishing Bochner tensor are 
known as Bochner-Kaehler manifolds [ 11. 
The Bochner tensor has interesting connections to several areas of mathematics. For in- 
stance, it was proved by S.M. Webster in [12] that the fourth order Chern-Moser curvature 
tensor of CR-manifolds coincides with the Bochner tensor (cf. [12] for details). Moreover, it 
is also known that a Bochner-Kaehler surface is nothing but a self-dual Kaehler surface in 
Penrose’s twistor theory. Bochner-Kaehler manifolds have been studied quite intensively in the 
last two decades, see for instance [ l&,9]. The second purpose of this article is to establish many 
simple characterizations of Bochner-Kaehler manifolds. In particular, we prove the following. 
Theorem 1. Let M” be a Kaehlerian manifold of complex dimension n > 1. Then M is 
Bochner-Kaehler if and only if every totally real bisectional curvature H (X, Y) depends only on 
the totally real plane section spanned by X, Y and not on the choice of orthonormal basis X, Y. 
Beside Theorem 1 we also obtain many other characterizations of Bochner-Kaehler man- 
ifolds, including the Kaehler analogue of Kulkami’s characterization [lo] of conformally 
flat spaces. Furthermore, we will prove a simple characterization of Einstein-Kaehler mani- 
folds of even complex dimension, which can be regarded as the Kaehler analogue of Singer- 
Thorpe’s [I I] characterization of 4-dimensional Einstein spaces and its generalization to all 
even-dimensional Einstein spaces in [4]. All this will be done in Section 3. 
Originally, the complex S-invariants F(n 1, . . , , IQ) were introduced in [3] to obtain the 
following obstruction for a Kaehler manifold of complex dimension n to admit a holomorphic 
isometric immersion into a complex space form Mm (4r) : 
(1.2) 
Combining (1.1) and (1.2), we obtain immediately that 
(1.3) 
In the last section we will classify Kaehler submanifolds in a complex space form which realize 
the equality in (1.3). 
2. Basic notions 
Let Mn be a Kaehler manifold of complex dimension n. We denote the complex structure 
by d. If 0 is plane section in T,M, i.e., a real 2-dimensional subspace of T,M, and {X, Y) an 
(~rtholl~r~~al b sis of (r. then the sectional curvature of r7 is defined and denoted by K(n 1 =- 
K (X. Y) = X(X. Y. Y. X). If ~7 is holomorphic, i.e.. J-invariant. then the sectional curvature 
of 0 is called the holomorphic sectional curvature and denoted by H(a 1: if X is any unit vector 
in TT. then we denote H(n) by H(X). If 0 is a totally real plane. i.e., if JO -1 (T. then Kfa) iL> 
called a totally real sectional curvature. 
A Kaehler manifold with constant hol(~morphic sectional curvature is tailed a complex spact 
form. A Kaehler manifold of complex dimension 12 3 is ;I complex space form if and only ii’ 
iI has constant totally real sectional curvatures [S] or, more generally. has constant totally roai 
hisectional curvatures [8 1. 
If CT and a’ are two holt)l~l~?l~hic plane sections in T,,M. then the hol~ji~~~rph~c hisectional 
cttrvaturc N(n. (T’) is defined by [7] 
H(n, cJi) = H(X. Y) = R(X, JX. JY. Y). 
\\herc X is aunit vector ina and Y aunit vector in ct. Clearly. ifn = r~‘. then Htcr. a’) = /f (n ). 
On the other hand, if in _L CT’. then X and Y span a totally real plane. and H( X, 1’) i\ called 
tlatally real bisectional curvature: in this case we have 
H(X. Y) = K(X. Y) + K(X. JY) 
It is tempting at this stage to call H(X, Y) the totally real bisectional curvature of the totally 
real plane spanned by X and Y. However. it turns out that H( X. Y) in general depends on 
the choice of ihe basis (X. Y} in the totally real plane. We prove in this article that H(X. Y) isi 
independent of the choice of (X, Y} if and only if M is Bochner-Kaehler. as stated in Theorem I. 
We do not need the exact expression of the Bochner tensor. Our proofs are based on lhc 
f’ollowinp llseful result due to the first author and K. Yano. 
We should remark that WC define the scalar curvature T in a maybe somewhat non-srandarrl 
fray. which is rather suitable for our purposes. as follows: if {cl, . . . CJ~,,} is an orthonormal 
hasis of the tangent space T,,M. the scalar curvature is defined to be s(l>) = C,, , K Cc>!. o, 1. 1 t
the hasis is of the form {ej. . . . , P,,. fel. . . , . JY,, 1. the scalar curvature is given by 
If’ L is a complex subspace of complex dimension i’ >, 1 in T,,M, the scalar curvature r i 1. ) ot 
1. is defined in 131 to hc 
where{el,... , ezr} is an orthonormal basis of L. Note that if L is a holomorphic 2-plane, t(L) 
is the holomorphic sectional curvature H(L) of L. In general, 7: (L) is the scalar curvature of 
the image exp,(L) of L at p under the exponential map at ~7. 
For any integer k 3 0, let S(n, k) denote the set consisting of all k-tuples (nl , . . . , nk> 
of integers 2 1 satisfying nl < n and nl + a - 1 -I- nk < n. Let S(n) denote the union of all 
S(n, k), k 3 0. For each k-tuple (nl , . . . , nk) E S(n), Kaehlerian invariants S”(rz~, , . . , Q)(P) 
and,@(nl,... , nk)(p) are defined respectivety by 
where Ll,... , Lk rnn over all k mutually orthogonal complex subspaces of T,M such that 
dime Lj = nj, j = 1, . _ _ , k, 
The Kaehlerian invariants 6’(ni, . =. ) ~~~~~~ and %(ni, . . . , Q)(p) are then given by 
Clewly, we have 6”(ni, . . . , t2.k) 3 ~“(Fz~~ . . . , t?k) for any k-tuple (nl) q.. . . f nk> E S(n). 
For simplicity, a Riemannian manifuld M is called an S"(nl , , . . , q)-space if it satisfies 
SL’(nl, . . , nk> = P(n1,. . . , pzk) identically. It follows from (2.3) and (2.4) that a Kaehler 
n-manifold is an SC@ 1, . . . , nk)-space if and only if t(L 1) + . . . + r(Lk) is indepen- 
dent of the choice of k mutually orthogonal complex subspaces LI, . . . , Lk which satisfy 
dimcLj =nj+ j = I,... ,k. 
Finally, we introduce some notation. Let (q, . . . , E?~, fq, . . . , fe,) be any orthonormal 
basis of T,M. We. denote by ~ii”.“~, the scalar curvature of the holomorphic j-space spanned by 
(ei,, . . . , ei,, Jei, ) . . . , Jei) }. For all k = 1, . . . , YL we put en+k = Jek and use the notation 
i =ntk. 
3. New characterizations of Ebchner-Kaehler and Einstein-Kaehler manifolds 
We first prove the following characterizations of Bochner-Kaehler manifolds in terms of 
totally real bisectional curvatures and totaIly real sectional curvatures which include Theorem 1. 
Proposition 1. Let M” be n KneMericln ~a?~~fo~d with n > 1. Then M is 3o~~~er-Kaeh~e~ 
$and only if ooze of the followivlg conditions holds for every orthonormal basis (X, Y} qf arzy 
totally real plane section: 
(1) the totally real bisectional curvature H(X, Y) depends on& un the tootally real plum 
section spanned by X, Y and not on the choice o~ortho~~or~a~ b sis X, Y; 
(2) H(X) t H(Y) depends only un the totally real piam section ,~pa~~ed by X, Y and not 
ovt the choice uf orthonormal basis X; 
(3) the sectional cutvatures s&i@ K(X, Y) = K(X, JY); 
(4) H(X) + H(Y) = SKfX, Y); 
(5) H(X) + H(Y) = 4H(X, Y); 
(6) R(X, JY, JY, Y) = R(X, JX, JX. Y>. 
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Proof. “( 1) + (2), (3), (4), (.S), (6).” Let (et, e2) be an orthonormal basis of a totally real plane 
section. If we assume (l), then we know that 
N (e,. ~2) = H(cos 8el + sin He2, - sin Bei + cos 8~2). 
for all H. An easy ~onlputation show that this implies that 
0 = sin(28)(Hl + H2. - 2Hiz - 4K,,) + cos(2@)(R7ii, _-- 
Formula (3.1) implies (6). Moreover we obtain that 
H, + H, = 2H,:! +4K,j. 
The same reasoning after interchanging e2 with .lez gives 
HI -k H? = 2H,:! +4K,2. 
R,ii,). (3. I ) 
(3.2) 
(2.3) 
Formulas (3.2) and (3.3) imply that Kil = K,?, so we obtain (3). Now (4) and (5) follow 
from (3). (3.2) and the identity Hi2 = lyrl + K,,. Finally, (2) follows from (4). 
“(5) =$ Bochner-Kaehler.” To prove this, we remark that if (5) holds. then 
and 
r= 
i=i i <,j i=l i I’ ; 
tz+1 ‘I 
=:- 
2 c 
Hi. 
i=l 
13.5) 
From (3.4) and (3.5) we obtain that 
4 2 
I-~(Q) = - Ric(ek) - 
ft + 2 
5, 
cn+ l)(iz+2) 
which by Theorem A implies that h4 is Bochner-Kaehler. 
“Bochner-Kaehler =+ (2).” If M is Bochner-Kaehler. (2. I ) implies that 
for any orthonormal basis (~1. . . 1 e,} of an n-dimensional totally real subspace. This implies 
that c:‘=, Hi is independent of the choice of basis, which easily implies that (2) holds. 
“(2) =+ (l).” Assume (2) holds. Let (el. ez} be an orthonormal basis of a totally real plane 
section. Then we know that 
z-i? = HI + Hz + 2H,2. 
which immediately implies that (1) w (2). 
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“(3) + (l).” If (3) holds, we have H(X. Y) = 2K(X, Y), so (1) follows. 
“(4) =$ (1)” Obvious, since (4) =$ (2) j (1). 
“(6) + (1)” Let fer ,ez} be an orthonormal basis of a totally real plane section. Then we know 
that R, ii2 = Rzji,. We can compute (6) for X = cos Her + sin Be2 and Y = - sin %el + cos %e2, 
and after a straightforward computation, we obtain again equation (3.2), and we can continue 
as before. 0 
Next we prove ch~acterizations of Bo~hner-Kaehler spaces similar to Kulkarni’s character- 
ization of conformally flat spaces in [ lo]. 
Theorem 2. Let M” be a Kaehler manqold qf complex dimension n > 3. Then the following 
statements are equivalent. 
( I > M is 5~~c~~F~er-Kaehler~ 
(2) For any totally real 4-plrne spa~~ned by~)rthonori~al vectors ei, e_j, ek q et, mw has 
H(e;, e,j> +f!(ek, et) = H(ei, 6%) + H(ej, ec): 
(3) For any totally real 4-plune spanned by [~rth~)normal vectors ei. ei, ek, et, me has 
K(et, e,j) -I- K(ek, et> = K(ei, ek) + K(ei. et). 
Proof. The fact that (1) implies (2) and (3) follows immediately from (4) and (5) of Proposition 1. 
Obviously (3) implies (2). So we only need to prove that (2) implies (1). 
For this, assuming (2), we compute that 
G234 = HI + H2 + H3 + ff4 + 2(H12 + H34) + 2(Hl3 + H24) + 2(HM + &) 
= HI + ff2 + fix + H4 + 6(H,z + HXS) 
= t;2 + T$1 + 4Hl2 + 4&& 
which immediately implies that H 12 does not depend on the choice of {el , ez} in the plane 
spanned by el and e2. SO by (1) of Proposition 1, we obtain that M is Bochner-Kaehler. 0 
Note that (3) of Theorem 2 is exactly Kulkarni’s condition for conformal flatness of Rie- 
mannian manifolds. Theorem 2 implies the following corollary. 
Corollary 1. Let M” be a Kaehlrr man$.Ad qf complex dimension n > 3 nud k an integer 
satisfying 4 < k < n. Then M is Bochner-Kaehler if and only if for any totally real k-plane L . . . 
at p, exp,,(L) has vanishing Weyl conformal curvature tensor at p. 
This corollary follows from (3) of Theorem 2 and Kulkami’s characterization of conformally 
flat manifolds and the fact that exp,,(L) is totally geodesic at p. Obviously, Corollary 1 implies 
that every totally geodesic submanifold of dimension 3 4 in a Bochner-Kaehler manifold is 
conformally flat. 
We now generalize Theorem 2 in terms of scalar curvatures of higher dimensional totally 
real plane sections. 
Theorem 3. Let M” be a Kaehler man@ld of’complex dimension II 3 4 and let s he ([II\ 
itztqqer satisfying 2 c 2s < n. Then M is Bochrler-Kaehler if atId rml\ if’,for an!, totall\, W(II 
2s.plane .spanned hy orthonormal vectors (Ed . , ~2, ) ofle IXU 
Proof. If M is Hochner-Kaehler, then, from (3) and (4) of Theorem 1. we obtain 
.v+l ’ 
5; ..\ = ~ 
2 c 
H . (i.7) 
(=I 
which easily implies (3.6). 
[‘onversely, we use (3.6) twice to obtain 
0 =(r;l.., + r:_, ..2.,) - (r;‘...., _, ,+, + r:,+?. .2.,) 
~- ((r; . . .._ ‘,+?, +r~+l.~_1,+3..2,) - (r; ..,_ 2,+l,_I +-5:, _,,+\ ?,)) 
It i\ easy to verify that this becomes 
(I= 4((H, I \ + H,+I \+z) - (H,-I ,+ I + H, \+z)). 
and Theorem 2 completes the proof. 0 
In Riemannian geometry, there is a well known characterization of 4-dimensional Einatcin 
spaces due to I.M. Singer and J.A. Thorpe [ 1 I]. Here we present a Kaehler version of this result. 
In l’act we will prove a very simple characterization of even-complex-dimensional Einstein- 
Kaehler spaces. At this point, the formulation is more elegant using holomorphic plane section\. 
Theorem 4. Let M he a Kaehler manifold of cornple,x dimensiorl 24. Then M i.s Eirlstci+ 
Kaehler jfa11d only $ r(L) = r (L’) ,f3r any holomorphic I -plane section L c T,,M. r~~llew 
L- denotes the orthogonal complement of L in T,, M. 
Proof. Let L be an arbitrary holomorphic C-plane at (,. Choose an orthonormal basis 
(ei. . . 02~. JP,. . . Jeli} of T,,M such that I, is spanned by el. . el. Je,. . Jc,, 
If M i\ Einstein-Kaehler, then the Ricci curvatures of M satisfy 
Ric(cl) + + Ric(ey) = Ric(e(+, ) + + Ric(pzi ), (3.X) 
Equation (3.8) easily implies r(L) = r(L-). 
Conversely, suppose that we have T(L) = r (L’) for any holomorphic l-plane section 
L ICI 7’,,h/l. Then we have 
G 1 - 5 (+, = r:+I...2y - r;1+2...21. (i.9) 
Equation (3.9) implies 
HI-!%+I +2(H,z+... + HI( - (Hu+I,z + . + Hc~+I,~)) 
= H,+I - HI + 2(H(i+1),1+2) t ... + H,,,I,(x - (H,Gt+7-) + ... + HI,?;,)). 
which yields Ric(el) = Ric(el+l). This implies that M is Kaehler-Einstein. 0 
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4. Complex space forms and Bochner-Kaehler spaces 
In this section, we characterize complex space forms and Bochner-Kaehler spaces as being 
SC-spaces. First we consider Y( 1, . . . , I)-spaces. 
Lemma 1. Let M be a Kaehler manifold of complex dimension n > 1 and let j < n be an 
integer. Then M is an Sc( 1, . , I )-space if and only if M is a complex space form. i / 
j times j times 
Proof. If M is a complex space form, then M is obviously an SC<'1 , . . . , l)-space. Conversely, let 
(ei , . . , ej+l) be an orthonormal basis of an arbitrary (j + I)-dimensional totally real subspace. 
Then, from the assumption, we get that 
which immediately implies that M is a complex space form. q 
Theorem 5. Let M be a Kaehler manifold of complex dimension n > 1, and let j < n be an 
integer. Then M is an F( j)-space if and only if M is a complex space form. 
Proof. If M is a complex space form, then both the holomorphic sectional curvatures and the 
totally real bisectional curvatures are constant, so M is an S’( j)-space. 
Conversely, let M be an S”(j)-space. Then at a fixed point p, T;:..~ is some constant c, 
independent of the chosen basis at p. Now fixing 1 and summing over all choices of j - 1 
indices, we obtain 
Now because of the following two formulas 
2 C Hi,i = t - ~Hi--2~Hlk, xHik=Ricl-Hi, 
2<i <,j i=l l<X I<k 
we obtain that 
This implies that C~‘=2 Hi does not depend on the choice of basis (ez, . . . , e,}. From this we 
easily obtain condition (2) of Proposition 1, so M is Bochner-Kaehler. Then we know from 
(3.7) that 
j + 1 s 
T;...j = - c H, 2 ;=, ” 
and so M is an S”( 1, . . . , I)-space. Since j < n, Lemma 1 concludes the proof. 0 \ / 
j times 
Now we consider S(n 1, . . . . nk)-spaces for k > 1. We will prove the following theorem. 
Proof. Suppose h4 is an S’ (~1. . . . . nk)-space. Let JR = II I + * . . + ni, and let {cpr . . . . . P,,,} be 
an orthonormal basis of an nl-dimensional totally real subspace. Then we have 
M here (’ is independent of the orthonormal basis. 
Consider 3 permutation (J of (1. . . . , m}. For each such permutation, there exists a con-c 
spending equation like (4.2) given by 
Ry summing up all such equations we obtain 
where cl. ~‘2 and c; are some positive constants. Now (4.3) implies that Ci?r Hi is independent 
of’ the chosen basis. so M is Bochner-Kaehler. Using (X.7), we then obtain that M is an S”(III ).- 
space. So if tn < II. we obtain from Theorem 5 that M is a complex space form. Hence we may 
assume that m = IT. 
Then sLlbstitutin~ (3.7) in (4.1) we obtain that 
(f?l+ I)(HI+‘.~+H,,,)+~.~+(n~+lf(H,,_,,,,,+’.-+H,,)=2~~. (4.4) 
Since the basis {er. . . , P,,} is chosen completely arbitrary, (4.4) implies that Hi = H, (and n/i’ 
is a complex space form) unless n 1 = . . = no. 
Tct finish. we prove the converse. If M is a complex space form. then it is a~~tomatically an!; 
S -space. If M is Bochner-Kaehler, then, as in (3.7). 
/7+1 ” 
Tz:- 
2 c 
H;. 
i=l 
s~)~certainlyisan~(l.... . l)-space. Using again (3.7), this easily implies that M is also an 
i- 
II tintrs 
s ‘(I?, . . , PI/, )-space with YZ 1= . . . = nk and n I $- . + /IA = 17. q 
5. A new characterization of totally geodesic complex submanifolds 
In this section we completely determine Kaehler submanifolds of a complex space form 
which satisfy the equality case of (1.3). 
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Theorem 7. Let (n 1, . . . , nk) E S(n) und M a Kaehler manifold of complex dimension n 
isometrically and holomorphically immersed in a complex space form Mm(4e) oj’ constant 
holomorphic sectional curvature 4~. Then M satis$es 
(5.1) 
identically if and only if A4 is a complex space form of constant holomorphic sectional curvature 
4~ and the immersion is totally geodesic. 
Proof. Assume that M is a holomorphic submanifold in a complex space form fi”‘(4~) which A 
satisfies the equality (5.1). Then, by (1.1) and (1.2) we have #‘(n ,. . . , nk) = S”(n ,, . . n1;) 
and 
s-{t(Ll)+...+t(Ll;)}=2 tZ(tZ+l)-&TZj(IZj+l) 
( > 
E, (5.2) 
j=l 
for any mutually orthogonal complex subspaces L ,. . . . , Ll; C T,,M, J? E hi’ with dim@ Lj = 
TZj, j = l,... . k. Let {el, . . . . e,,, e,,+l, . . . , enzr Jet, . . . , Je,,. Je,,+l, . , Jern] be an or- 
thonormal basis of T,,fi at a point p such that Lj is spanned by e,Z,+...+,j,_,+l, . . . e,,, f.. +,+, 
and Je,,,+...+,,,_,+r,. . . , Je,,,+...+,,, for j = 1.. . . . k. From (5. l), we obtain that the equality 
is also realized in (1.2). Then from [3, Proposition 12.51, or rather from the proof of the Rie- 
mannian version in [2], we know that the mutually orthogonal complex subspaces (with suitable 
dimensions) for which t(L I) + . + r(Lk) reaches its infimum are invariant subspaces of all 
shape operators. But from (5.2) we get that this is the case for all subspaces. Then it is clear that 
every complex 1 -dimensional subspace is invariant for all shape operators. This easily implies 
that all shape operators vanish. 
The converse is easy to verify. 0 
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